
isoterma di adsorbimento: nads = f(c)

variazione di massa: Δm = mmol · nads



K =
cfilm
caria

→ cfilm = K · caria = 105
mg

m3

Vfilm = (0.5 · 10−2)2 · 10 · 10−6 = 0.25 · 10−9 m3

mads = Vfilm · cfilm = 0.25 · 10−9 · 105 = 0.25 · 10−4 mg = 25 ng;

mpolymer = ρpolymer · Vfilm = 0.25 · 10−5 g

→ mads

mpolymer
=

25 · 10−9

0.25 · 10−5
= 36 · 10−4 = 0.36 ppm

ρ =1
g

cm3

Fi = mi ⋅ a                  a =
d 2x

dt 2

FG =G ⋅
mG1

r 2
⋅mG2        G = 6.67 ⋅10−11 N ⋅m2

Kg2

  

mi = mG

 
a =

 
a i +

 
a G = ˙ ̇ 

 
x +G ⋅

M

r 2



M

x

m ⋅ g = k ⋅ x

(m + Δm) ⋅ g = k ⋅ ( x + Δx)

Δx =
g

k
⋅ Δm

M

x

x = x0 + δ · sin(2πft)
x0 =

g

k
m0

f =
1

2π

√
k

m0 +m

m � m0 :

f(m) = f(m0) +
df

dm
(m0) ·m

f(m) =
1

2π

√
k

m0
− 1

2

1

2π

√
k

m0

1

m0
·m

f(m) = f(m0)− 1

2

f(m0)

m0
·m

Δf = f(m)− f(m0) = −1

2

f(m0)

m0
·m

dΔf f( )





Tij =cij
∂ui

∂x j

+eij
∂φi

∂x j

Dm =εnm
∂φ
∂xn

+emkl
∂uk

∂xl
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    ux y,t( ) = A⋅ e jky + B ⋅ e− jky( ) ⋅ e jωt

ux y ,t( )=ux0 ⋅cos kn ⋅ y( )⋅e jωt

x

y

hs

-ux0

+ux0

λ=2 hs

N=1

N=3



φ1 = k · hs

φ2 = π;
φ3 = k · hs

φ4 = −π

k =
2π

λ

Δφ = k · hs + π + k · hs − π = 2 · k · hs

frequenza fondamentale di risonanza (N=1): Δφ = 2π

= 2
2π

λ0
· hs = 2π → λ0 = 2 · hs

f0 =
vs
λ0

=
vs

2 · hs

vs =

√
μ

ρ

spessore [mm]
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Δφ =φ1+φ2 +π −π = k ⋅L+k ⋅L+π −π

k = 2⋅π
λ

prima  condizione di risonanza (N=1): Δφ =2⋅π     

2⋅ 2⋅π
λo

⋅L=2⋅π⇒λo =2⋅L

fo =
vs

λo

=
vs

2⋅L

vs =

√
μq

ρq
⇒

√
T
m
L

=

√
T

ρcs

T tensione della corda [N ]
m massa della corda
L lunghezza della corda
s sezione della corda

f0 =
1

2L

√
T

ρcs



Δf =∂ f
∂m

Δm+∂ f
∂ε

Δε+
∂ f
∂σ

Δσ +
∂ f
∂T

ΔT +∂ f
∂ p

Δp+ ...

h:spessore del cristallo; A: superficie del cristallo
vS : velocità del suono; µ: modulo di shear; ρ: densità

f0 =
vS

2⋅h
variazione dello spessore Δh

Δf=df
dh
Δh=− vs

2⋅h2 Δh                  h= vS

2⋅ f0

Δf=− 2⋅ f0
2

vs

Δh                           Δh= Δm
ρ ⋅A

; vs =
μ
ρ

Δf=− 2⋅ f0
2

A⋅ μ ⋅ρ
Δm 



T =
1

2
m

(
dx

dt

)2

; U =
1

2
kx2;

T = U → 1

2
m

(
dx

dt

)2

=
1

2
kx2;

moto oscillatorio: x = a · exp(jωt);

m · (jaω · exp(jωt))2 = k · (a · exp(jωt))2m · a2ω2 = k · a2 → ω =

√
k

m

M

T =
1
2
ρ

dui

dt
⎛

⎝
⎜

⎞

⎠
⎟

2

i
∑

U =
1
2
μ

dui

dy
⎛

⎝
⎜

⎞

⎠
⎟

2

i
∑

T =
1
2

mv 2

U =
1
2

kx 2
T =U

ρs : densità superficiale M
L2

⎡

⎣
⎢

⎤

⎦
⎥

ρq : densità  M
L3

⎡

⎣
⎢

⎤

⎦
⎥



ux y,t( ) = ux0 ⋅cos k ⋅ y( ) ⋅e jωt

dux

dt
= jω ⋅ux0 ⋅cos k ⋅ y( ) ⋅e jωt ⇒

dux

dt

⎛

⎝
⎜

⎞

⎠
⎟

2

= ux0 
2  cos2 k ⋅ y( ) ⋅ω 2 ;  k = π

hs

energia cinetica totale del quarzo: y = 0 hs ⇒ TB =
1
2
ρq ⋅ω

2 ⋅ux0
2  cos2 k ⋅ y( )

0

hs

∫ ⋅dy = ω
2

2
⋅ρq ⋅ux0

2 ⋅
hs

2

energia cinetica del coating alla superfice: y = hs ⇒ TS =
1
2
ρs ⋅ux0

2 ⋅ω 2

energia cinetica totale quarzo+coating: T =TS +TB =
ω 2

2
⋅ux0

2  ρs + ρq ⋅
hs

2

⎛

⎝
⎜

⎞

⎠
⎟

energia potenziale: U =
1
2
μq

d
dy

ux0 ⋅cos k ⋅ y( ) ⋅e jωt⎡

⎣
⎢

⎤

⎦
⎥

0

hs

∫
2

⋅dy = 1
2
μq ⋅ux0 

2  ⋅k 2 ⋅ sin2 k ⋅ y( )
0

hs

∫ ⋅dy =

                                 U =
1
4
μq ⋅ux0 

2  ⋅k 2 ⋅hs

x

y
hS

T =U
ωo

2

2
ux0

2  ρs + ρq

hs

2

⎛

⎝
⎜

⎞

⎠
⎟=

1
4
μqux0

2 k 2hs

ρs = 0 ⇒ ω 2

4
ux0

2  ρqhs =
1
4
μqux0

2 k 2hs ⇒ω0 = k
μq

ρq

k = 2π
λ0

;   λ0 = 2 ⋅hs ;   vs =
μq

ρq

⇒ f0 =
ω0

2π
=

1
2π

⋅
2π

2 ⋅hs

⋅ vs =
vs

2 ⋅hs

ρs ≠ 0 ⇒ k 2 =
ω0

2

vs
2
=
ω0

2

μq

ρq

              ω
2

2
ux0

2  ρs + ρq

hs

2

⎛

⎝
⎜

⎞

⎠
⎟=

1
4
μqux0

2 ω0
2

μq

ρqhs

ω0

ω

⎛

⎝
⎜

⎞

⎠
⎟

2

=
1
2
ρs + ρq

hs

2

⎛

⎝
⎜

⎞

⎠
⎟⋅

4
ρqhs

⇒
ω0

ω

⎛

⎝
⎜

⎞

⎠
⎟

2

= 1+ 2ρs

ρqhs



ω0

ω

⎛

⎝
⎜

⎞

⎠
⎟

2

= 1+ 2ρs

ρqhs

⇒  f0

f
= 1+ 2ρs

ρqhs

;     Δf
f0

=
f − f0

f0

=
f
f0

−1= 1

1+ 2ρs

ρqhs

−1

ipotesi di piccole perturbazioni ⇒ ρs << ρqhs

sviluppo in serie nell'intorno di ρs = 0 :

⇒
Δf
f0

=
Δf
f0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
ρs=0

+
d

dρs

Δf
f0

⎡

⎣
⎢

⎤

⎦
⎥
ρs=0

ρs = −
1
2

1+ 2ρs

ρqhs

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

−3
2

2
ρqhs

⎡

⎣

⎢
⎢

⎤

⎦

⎥
⎥
ρs=0

ρs

Δf
f0

= −
ρs

ρqhs

        f0 =
vs

2hs

=
μq

ρq

1
2hs

Δf = − ρs

ρqhs

f0 ⇒Δf = − 2 f0
2ρs

μqρq

               ρs =
ms

A

Δf = − 2 f0
2

A μqρq

ms

ρs : densità superficiale M
L2

⎡

⎣
⎢

⎤

⎦
⎥

ρq : densità  M
L3

⎡

⎣
⎢

⎤

⎦
⎥

f0 = 20MHz ⇒ ρqhS = 0.245 g
cm2

μq = 2.947 ⋅1010 Pa; ρq = 2.649 g
cm3

Δf = −
2f0

2

A μqρq

ms = −
2f0

2

μqρq

ρs

S =
Δf
ρs

= −
2f0

2

μqρq

 Hz
g

cm2

⎡

⎣

⎢
⎢
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⎤

⎦

⎥
⎥
⎥
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campo gravitazionale F =G ⋅
M ⋅m

r 2
   g =

F

m
=G ⋅

M

r 2
≈ 9.8

m

s 2

campo inerziale F = m ⋅ a    a =
F

m
=

d 2x

dt 2

a = d 2x
dt2

=
d 2

dt2
xmax ⋅ sin ω ⋅ t( )⎡
⎣

⎤
⎦= −ω

2 ⋅ xmax ⋅ sin ω ⋅ t( )⇒ amax =ω
2 ⋅ xmax

esempio: xmax = 100nm; ω = 20MHz ⇒ amax = 4 ⋅107 m
s2
≅ 4 ⋅106 g

V = L ⋅ di
dt
+ R ⋅ i + 1

C
⋅ i ⋅dt∫

= L ⋅ d
2q

dt2
+ R ⋅ dq

dt
+

1
C
⋅q

F = M ⋅
d 2x
dt2

+γ ⋅
dx
dt
+ K ⋅ x

risonatore meccanico:  ω0 =
K
M

; Q =
1
γ
⋅ M ⋅K

risonatore elettrico:  ω0 =
1

L ⋅C
; Q =

1
R
⋅

L
C



C0 = εq ⋅ε0 ⋅
A
hS

= εq ⋅ε0 ⋅
A
vS

⋅2 ⋅ f0

C0 = K ⋅ A ⋅ f0

K = 1.79 ⋅10−12 F
cm2MHz



Z ω( ) =
R+ jωL− 1

ωC
⎛

⎝
⎜

⎞

⎠
⎟

⎡

⎣
⎢

⎤

⎦
⎥

1
jωC0

R+ j ωL− 1
ωC

−
1

ωC0

⎛

⎝
⎜

⎞

⎠
⎟

=

RC + j ωCL− 1
ω

⎛

⎝
⎜

⎞

⎠
⎟

ωCC0R−ω
2CC0L+C +C0

esempio parametri tipici
R=6 Ω;
L=4 mH;
C=15.4 fF;

fS = 19.98MHz;   area:   A=1 cm2

C0 = 1.79 ⋅10−12 ⋅ A ⋅19.98 = 0.36 fF
⇒ fP = 20.39 MHz

fS =
1

2π LC
;      fP = fS ⋅ 1+ C

2 C +C0( )
⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

Vcc

Rc

Re

R1

R2 C1

C2

QMB



XC1 + XQMB + XC 2 = 0



Δf = − 2 f0
2

A μqρq

ms = −Ks ⋅ms

f = f0 − Ks ⋅mcoating − Ks ⋅mabsorbed

-7800

-7700

-7600

-7500

-7400

-7300

-7200

0 200 400 600 800 10

secondi

Δm = −
A μqρq

2 f0
2

⋅ Δf



f0 =
vs

2 ⋅hq

vs

2 ⋅ hq

−
2f0

2

A μqρq

melettrodi

vs

2 ⋅ hq

−
2f0

2

A μqρq

melettrodi −
2f0

2

A μqρq

mcoating

vs

2 ⋅ hq

−
2f0

2

A μqρq

melettrodi −
2f0

2

A μqρq

mcoating −
2f0

2

A μqρq

mgas

∆ f = − 2 f0
2

A μqρq

mgas = K ⋅Cgas



 

nads = 1.7ng mmol

metanolo:  mmol = 32  dalton ⇒ nads ,res = 3.2 ⋅1012 molecole

androstenone:  mmol = 243 dalton ⇒ nads ,res = 4.2 ⋅1011 molecole

1 dalton =1.66 ⋅10 −23 g( )

Δmris =
Δferr

S
=

1
0.58

=1.7  ng

μq = 2.947 ⋅1010 Pa; ρq = 2.649 g
cm3 = 2649 Kg

m3

fo = 20 MHz ; 

diametro quarzo : 7 mm ⇒ A =1.54 ⋅10 −4  m2

Δf = −
2f0

2

A μqρq

ms

Δf
Δm

=Sm = −
2 ⋅ f0

2

A μ ⋅ρ
= −0.58 Hz

ng

0

0.01

0.01

0.02

0.02

0.03

0.03

0.04

-15 -10 -5 0 5 10 15

M
as

s 
S

en
si

tiv
ity

 (
H

z/
ng

)

radius (mm)

electrode size

QMB size



Aqmb =1.5cm2 ;     Sq =1Hz
ng

r

Asito = 17 ⋅10−8( )
2
cm2 =289 ⋅10−16 cm2

Nsiti =
1.5

289 ⋅10−16 =5 ⋅1013

M sito =671  =671⋅1.6 ⋅10−24 =1.1⋅10−21 g
Mcoating =Nsiti ⋅M sito =5 ⋅1013 ⋅1.1⋅10−21 =50ng     
⇒Δfcoating = Sq ⋅Mcoating =50Hz         

NO      mw = 30  dalton
Θ =1

M NO =N siti ⋅mNO = 5 ⋅1013 ⋅30 ⋅1.6 ⋅10 −24 = 2.4ng     
⇒Δf NO Θ=1 = 2.4Hz         

M sito =671 dalton =671 ⋅1.6 ⋅10 −24 =1.1 ⋅10 −21 g =1.1 ⋅10 −12 ng

M coating =
Δfcoating

Sq

=
15000

1
=15000 ng

N siti =
M coating

M sito

=
15000

1.1 ⋅10 −12 =14 ⋅1015

50 ppm di NO
Δf =60 Hz

N NO , ads =
mads

mNO

=

Δf
Sq

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

mNO

=

50
1

⎛

⎝
⎜

⎞

⎠
⎟

30 ⋅1.6 ⋅10 −24 ⋅10 9 =1 ⋅1015

N NO , ads

N porf

=
1 ⋅1015

14 ⋅1015 =0.07   
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Smass =
S

mmol
= KS · Sfilm

|Δf | = KS ·mmol · nads

nads = Sfilm · c

S =
|Δf |
c

= KS ·mmol · Sfilm



Δf1 = S11c1 + k12c2 + ...+ k1ncn Δfm = Sm1c1 + km2c2 + ...+ kmncn
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(
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)
· cT
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f = vs

2⋅h
=

1
2⋅h

μ
ρ
⇒ log f =−log 2−log h+ 1

2
logμ− 1

2
log ρ

TF =
1
f

df
dT

=
d log f( )

dT
=−

1
h

dh
dT

+
1

2μ
dμ
dT

−
1

2ρ
dρ
dT



hfilm« G
fo ⋅vs ⋅ρ film

σ = G · ε
σ = σ0 · exp(jωt); ε = ε0 · exp(jωt+ φ);
G = G′ + jG”

G′ =
σ0

ε0
cosφ; G” =

σ0

ε0
sinφ;
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λ =

√
2ηL
ω0ρL

acqua a 20◦C ηL = 1.001 mPI; ρL = 1 g/cm3;ω0 = 10 MHz → λ = 440 nm

ρ∗s = λ · ρL =

√
2ρLηL
ω0

Δf = − 2f2
o√

μqρq
ρs = − 2f2

o√
μqρq

√
2ρLηL
2πf0

= −2f
3/2
0

√
ρLηL
πμqρq

Δf = − 2f2
o√

μqρq

(
ρc +

√
ρLηL
πf0

)



f0 =
vR
λ

=
vR
4d

f0 =
vR
4d

→ d =
vR
4f0

f0 = 500 MHz; vR = 3158 m/s → d = 1.57 μm



Δf = CS · f2
0

Δm

A

RF
oscillator Phase 

detector

Output 
signal

φ =2π d
λ
=2π d ⋅ f

v

φ v( )=φ v0( )+
dφ
dv
⎡
⎣⎢

⎤
⎦⎥v=v0

v−v0( )

Δφ =φ v( )−φ v0( )=
dφ
dv
⎡
⎣⎢

⎤
⎦⎥v=v0

∆v

Δφ =−2π d ⋅ f
v0

2 ⋅Δv=−2π d ⋅ f
v0

⋅
Δv
v0

=−φo ⋅
Δv
v0

Δφ
φo

=−
Δv
v0



output signal f

reflector arrays

output signal f

    

φloop = φac + φel = 2nπ
Gloop =Gac +Gel ≥1

φac»φel   ⇒  φloop =φac 2nπ =2π d ⋅ f
v

⇒ f =n v
d

f = f0 +
df
dv v=v0

⋅Δv⇒Δf = n
d
⋅Δv

Δf = n
d
⋅Δv= n

d
⋅Δv ⋅ v0

v0

=
n ⋅v0

d
⋅
Δv
v0

Δf
f0

=
Δv
v0
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y = 0,65 + 0,00095588x   R= 1 

y = 3,2667 + 0,0075x   R= 0,99998 

y = 15,667 + 0,023529x   R= 0,99984 

y = 73,417 + 0,57684x   R= 0,99994 
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2



A = 150μm*160μm = 24 ⋅10−5cm2

S = Sarea ⋅ A = 3654 ⋅24 ⋅10
−5 = 877

Hz

ng



Aqmb = 0.7cm2; Sqmb = 1
Hz

ng
;  Atfbar = 24 ⋅10

−5cm2;Stfbar = 877
Hz

ng

Asito = 17 ⋅10
−8( )2 = 289 ⋅10−16cm2

Nsiti,qmb =
0.7

289 ⋅10−16
= 2.4 ⋅1013; Nsiti, tfbar =

24 ⋅10−5

289 ⋅10−16
= 8.3 ⋅109

NO      mw = 30amu

Θ = 1
QMB

MNO = Nsiti ⋅mNO = 2.4 ⋅1013 ⋅ 30 ⋅1.6 ⋅10−24 = 1.1ng      

⇒ ΔfNO  Θ =1 = 1.1Hz     

TFBAR

MNO = Nsiti ⋅mNO = 8.3 ⋅109 ⋅ 30 ⋅1.6 ⋅10−24 = 0.4 ⋅10−3ng

⇒ ΔfNO  Θ =1 = 0.35Hz    

  
fo =

1
2π

K
m∗

  ⇒   Δf = dfo
dm

= −
1

4π
fo

m∗
⋅ Δm



fo =
1

2π
K
m*

m* =
K

2π ⋅ f0
2 =

0.02
2π ⋅ 4000( )2 =0.19μg

S =− 1
4π

f0

m* =1.6 Hz
ng

Ris= Δfris

S
=

1
1.6

=0.6ng

mtrave =ρSi ⋅Vtrave =2.32  g
cm3

⎡
⎣⎢

⎤
⎦⎥
⋅ 500 ⋅0.8 ⋅100( )⋅10−12   cm3⎡⎣ ⎤⎦=0.09µg


